The dual-space Shake-and-Bake procedure, one of the most successful direct methods for phasing single-crystal diffraction data, has been adapted and modified for structure determination from microcrystalline powder samples. The new method, termed Powder Shake-and-Bake and implemented in the computer program PowSnB, incorporates extracted and overlapped reflections in the Shake-and-Bake procedure. In each SnB cycle, it performs (i) an overlapped-reflection partition (via partial structural information from the previous cycle), (ii) a reciprocal-space phase refinement (via the reduction of the values of a statistical minimal function), and (iii) a real-space density modification (via peak picking). The successful PowSnB applications with experimental powder diffraction data are described.
Introduction
The collapse of the three dimensions of reciprocal space to the single dimension of a powder diffraction pattern, with the resultant Bragg-peak overlap becoming particularly severe at shorter d-spacings, results in a very substantial loss of information. When powder patterns exhibit clear discrimination between Bragg peaks and background as well as clear resolution of Bragg peaks from one another, individual structure-factor modulus can be reliably obtained by integrated intensity extraction methods such as the Le Bail method [1] or the Pawley method [2] . The extracted reflections are treated as non-overlapped or `well-determined' reflections. When powder diffraction patterns do not exhibit clear peak-background discrimination and peak-peak resolution, individual intensities obtained from intensity extraction methods must be considered unreliable, and are treated as overlapped reflections. The overlap problem highlights most clearly the loss of information in the powder diffraction measurement and limits the applicability of powder diffraction as a routine tool for determining and refining crystal structures from microcrystalline powders. Adaptations of traditional direct methods, specifically tailored to deduce the phase-angle information from the non-overlapped reflection intensities, have been particularly encouraging in recent years. The best known direct-methods package is EXPO2004 [3] , which has evolved continually and now incorporates indexing, space-group determination, structure solution and refinement capabilities [4] . Recently, the charge flipping method [5] has been adapted to powder diffraction data with some very promising results [6] . Despite these important advances, the overlap problem is not, in general, solved. As a consequence, ab initio direct-methods applications to powder diffraction data have limited success in terms of structure size and complexity. Direct methods work best when large numbers of well-determined reflection intensities have been measured to atomic resolution (better than 1.2Å). However, the collapse of the three dimensions of reciprocal space to the single dimension of a powder diffraction results in a very substantial loss of information. For moderately sized crystal structures, even with the highest-resolution powder diffractometers, it is almost impossible to obtain individual integrated intensities at atomic resolution. In this paper, we propose novel constrained global optimization models to tackle simultaneously the overlap problem and the crystallographic phase-angle problem as well as to develop efficient computational algorithms to find the constrained global minimum of the objective function for both modulus extraction and phase-angle estimation.
Powder Shake-and-Bake method
The Shake-and-Bake algorithm [7] , specifically designed for finding the constrained global minimum from single-crystal diffraction data, has been adapted and modified for structure determination from powder diffraction data. The new algorithm, termed Powder Shake-and-Bake and shown by the flow diagram in figure 1 , combines overlapped-reflection partitioning, minimal-function phase refinement and real-space filtering. It is an iterative process that is repeated until a solution is achieved or a designated number of trial structures have been processed. For present purposes, 'solution' does not necessarily imply a complete structure but rather a set of atomic positions that can be readily refined and extended by the standard Rietveld [8] refinement method. With reference to figure 1, the detailed Shake-and-Bake algorithm (Steps 1-3, 5-7) can be found in many publications (e.g., [7] ), and only the major differences between Shake-and-Bake and Powder Shake-and-Bake (steps 1 & 4) are described next. 
where and m l F H l are the l reflection multiplicity and structure-factor modulus, respectively, and th obs k ( )− back k ( ) is the background-subtracted peak contribution at the k th point in the diffraction pattern. For reflections , the structure-factor moduli H ∈G 0 F H are obtained directly from the extracted integrated intensities. For reflections H the initial values of the structure-factor moduli are obtained from the overlap-constraint equation (1) with equipartitioning, i.e.,
Normalized structure-factor moduli ( E 's) are generated from the structure-factor moduli ( F 's) by standard scaling methods such as a Wilson plot. Reflections are then sorted in descending order of E values, and a predetermined number of the top reflections is selected to generate a predetermined number of structure invariants having the largest values of the modulus factors
Overlapped-reflection partition. Let the sum
be the overlap constraint, and the quantities
ized structure-factor modulus calculated using the trial structure from the previous cycle. Then a new partition for the overlapped reflections is given by
The newly partitioned reflections are used to generate a new trial structure (via steps 5-7). This iterative re-partitioning of the overlapped reflections is the distinctive feature of the Powder Shake-and-Bake algorithm.
Applications
The traditional and powder Shake-and-Bake procedures have been tested successfully using experimentally measured atomic-resolution powder diffraction data. Here, we report solution efficacy measured by the success rate (percentage of trial structures that converge to solutions) as well as solution quality measured by (i) the mean phase error (MPE) or average absolute value of the deviations of the phase angles from their values calculated using the final refined coordinates and thermal parameters; (ii) the atom-match rate (AMR) or percentage of atoms whose coordinates are within a 0.5Å radius of the final refined coordinates; and (iii) the average inter-atomic distance (DIST) in pairs of matched atoms. Unless clearly stated otherwise, the results reported here are based on 1000 trial structures and produced by computer software SnB [9] and PowSnB (traditional and powder Shake-and-Bake procedures, respectively) implementing constrained minimization of the statistical minimal function [10, 11] .
Overlap-constraint Protocol P(M). In PowSnB experiment, the extracted intensities are divided into non-overlapped group (d = sinθ/λ > d 0 , where d 0 is a resolution parameter) and overlapped group (d max < d < d 0 , where d max is the highest data resolution). The extracted intensities in the overlapped group are sorted in decreasing order of the |E| values and grouped into subgroups containing M reflections. For each subgroup, the average value of the normalized structure factors, 〈|E|〉, is calculated and assigned to each reflection in the subgroup. The new set of structure factors, which consists of non-overlapped and overlapped reflections having largest initial |E| values, is subsequently input to PowSnB to test the validity, accuracy and robustness of the Powder Shake-and-Bake procedure.
Cimetidine application
The crystal structure of the drug molecule cimetidine [12] (C 10 H 16 N 6 S) is monoclinic, has space group P2 1 /n, and Z=4. The high-resolution, synchrotron X-ray powder pattern was collected on station 8.3 at Daresbury Laboratory with a wavelength of λ = 1.4599Å over a 2θ range of 6 to 105°. The integrated intensities were extracted from the indexed profile to a resolution of d max = 1.13Å using a modified form of the Pawley pattern decomposition program [2] implemented in the computer software GSAS [13] . The test results of SnB, as well as the results from PowSnB with overlap-constraint protocol P(4) and a series of resolution parametr d 0 = 1.2, 1.3, …, 3.0Å, are reported in table 1. These results demonstrate the following:
• SnB effectively yields high-quality solutions as indicated by 17.0% success rates, low mean phase errors, high average percentage of matched atoms, and small average distances between matched atoms. • PowSnB yields an average of 26.2% success rate using overlap-constraint protocol P (4) for a series of resolution parameter d 0 = 1.2, 1.3, …, 3.0Å, which ranges from 16.1% at d 0 = 1.3Å to 42.0% at d 0 = 2.3Å. The quality of solutions is similar to that from SnB. • The minimal function histogram is no longer a bimodal distribution for PowSnB as commonly observed in single-crystal applications [9] . This is shown in table 1 by the overlapping figure-of-merit (FOM) ranges for solutions and non-solutions. The unimodal histogram is the result of unavoidable errors in the structure-factor moduli that become more severe as the resolution increases. For unknown structures, in the absence of bimodal distributions to distinguish solutions from non-solutions, we propose an atom-match-based FOM to identify PowSnB structure solutions:
• The distances between pairs of atoms from two PowSnB trial structures can be calculated after taking the possibility of different origins and enantiomorphs into account [14] . Two atoms are considered matched if their distance is less than 0.5Å. • The percentage of matched atoms ( > 70% for solutions and < 50% for non-solutions) is used as a figure of merit to identify all solution structures from non-solution structures.
Solutions for cimetidine identified by the atom-match-based FOM were perfectly correlated with solutions identified by low mean phase errors (< 25°). Unless clearly stated otherwise, the atom-match-based FOM was used to identify potential solutions discussed later in this paper.
Fluorescein diacetate application
Fluorescein diacetate [15] (C 24 H 16 O 7 ) crystallizes in the triclinic space group P-1 with two molecules in the unit cell. The high-resolution, synchrotron X-ray powder pattern was measured at the Swiss-Norwegian beam line (BM1) at the European Synchrotron Radiation Facility (ESRF) in Grenoble with a wavelength λ = 0.6006Å over the 2θ range 2-50°. A total of 2905 individual values of |F| 2 were extracted from the powder data to d max = 0.88Å using the Le Bail pattern decomposition method [1] implemented in the computer software EXTRA [16] . The results of SnB applications, reported in the first block of table 2, demonstrate that:
• SnB yielded high quality solutions with fragments of the molecule comprising 79-87% of the atoms.
• The structure quality yielded at 1.0Å is better than that at 0.88Å as indicated by the higher atom-match rate and the shorter distances between matched atoms. This indicates large errors in the extracted intensities from the high-angle part of the powder diffraction pattern.
• SnB failed to yield any structure solution at a resolution of 1.2Å. • PowSnB is a very efficient program for producing high-quality structure solutions from powder diffraction data, as indicated by low mean phase errors (<25°), high atom-match rates (≥87%), and short matching distances (≤0.18Å). • Iterative re-partitioning of overlapped reflections is the key to successful PowSnB applications to powder diffraction data. This is the case when individual reflection intensities can be extracted at lower-than-atomic resolution, provided that signal-to-noise in the powder pattern is sufficient to allow overlap constraints to be reliably obtained up to atomic resolution. 
Concluding remarks
Powder Shake-and-Bake is an ab initio direct-phasing method for structure determination from powder diffraction data. It is aimed to improve structure solutions from subatomic resolution data or atomic resolution data with large errors in extracted intensities from powder profile. PowSnB, the computer program implementing the Powder Shake-and-Bake algorithm, is capable of providing high-quality structure models for further structure refinement.
